Ground simulation of spacecraft motion simulating all six degrees of freedom is a challenging problem due to several features of the natural dynamics in space that are difficult to reproduce on ground. Unlike terrestrial (aerial, land or underwater) vehicles, space vehicles have an overwhelmingly large percentage of their total energy in their translational motion. Dynamical coupling between the translational and rotational degrees of freedom can significantly affect the attitude motion of spacecraft. The attitude motion is particularly important for a spacecraft tasked to autonomously rendezvous and capture or dock with a target object in space. Here we present a ground simulator design for 6 DOF simulation of spacecraft engaged in autonomous rendezvous and proximity operation(ARPO) with an unaided target space object. These operations are very risky and difficult to carry out in space, since the target's motion is not well known in advance. Ground simulation using 6 DOF motion simulation capabilities can help reduce the risk of actual on-orbit ARPO missions. The novel design "Autonomous Rendezvous and Proximity Operation ground Simulator (ARPOS)" presented here mimics all the six DOFs of rigid spacecraft with high fidelity. ARPOS has the advantage of linear and spherical air bearings to reproduce the near frictionless environment of an actual spacecraft in space. 
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Most of these simulations can be grouped into two categories: (1) those that can only simulate attitude and internal motion since they are mounted on stationary support; and (2) those that can only simulate planar motion since they constrain the spacecraft model to move on a plane.
However, the dynamics of a spacecraft model on such ground simulators is very different from that of spacecraft in planetary orbit. Even the equilibria are different in these two situations, as can be seen by comparing the dumbbell spacecraft model in central gravity [13] [14] [15] to the dumbbell model in an attitude control simulator [16, 17] . The main problem with air-bearing tables is that they are limited to simulating planar motion, which is adequate only for simulating the motion of spacecraft in co-planar Keplerian orbits. Moreover, the planar translational motion does not lead to the same dynamical coupling between translational and attitude motion as the 3D motion in space, as pointed out in [8] . For spacecraft dynamics, the translational degrees of freedom contain most of the total energy of motion. However, the nonlinear dynamics of a spacecraft in central gravity leads to complex dynamic coupling between its translational, attitude and internal degrees of freedom. This dynamic coupling in turn leads to energy transfer between these different degrees of freedom. The high percentage of total energy in the translational DOFs implies that translational motion is not substantially affected by energy transfer from and to the attitude and shape DOFs. On the other hand, such energy transfer between the DOFs can significantly affect the attitude and internal motion. Changes in the translational energy can significantly affect both attitude and internal motion, as seen during atmospheric entry. Ground simulators designed to realistically simulate spacecraft motion need to account for these facts. There are existing spacecraft ground simulators that can simulate 6 DOF (translational and attitude) motion of spacecraft, like the one presented in [19] . For simulation of ARPO between two satellites in orbit, the relative attitude motion of the spacecraft is more important than the relative translational motion. This is because the relative translational motion is primarily dictated by the orbital motions of the two satellites, while the relative attitude motion is controlled to achieve desired proximity maneuvers. We present a novel design concept for a 6 DOF spacecraft ground simulator that can simulate the complex dynamical interactions between the different degrees of freedom and can be used to test spacecraft control algorithms.
II. Dynamics of pursuer and tumbling target spacecraft
The target spacecraft is assumed to be non-cooperative with the pursuer and moves with unconstrained motion in an orbit. The pursuer is tasked to rendezvous with the target as shown in the Figure 1 . At the terminal stage, the pursuer approaches the target in close proximity without any relative motion between the two. The global configuration of the pursuer spacecraft and target object is given by their respective position vectors and orientations with respect to an inertial (reference) coordinate frame. Orientation is described by the rotation matrix transformation from a body-fixed coordinate frame to the inertial coordinate frame; this gives a global and unique representation of the attitude motion. The body coordinate frames for both the pursuer and the target have origins at their respective centers of mass. The translational and attitude motion kinematics for the two spacecraft are described as follows:
In the above equations, (·) × denotes the skew-symmetric matrix corresponding to the linear crossproduct operator for 3D vectors; i.e., v
. Let m and J denote the mass and inertia tensor of the pursuer spacecraft respectively, and let m 0 and J 0 denote the mass and inertia tensor of the target object. The inertia tensors of both bodies are expressed in their respective body frames. The dynamics of the pursuer spacecraft is expressed as:
where φ c , τ c are the control force and control moment respectively, and φ d , τ d are the nonconservative force and moment (respectively) acting on the pursuer spacecraft. The gravity force is denoted by F g (b, R) and the gravity gradient moment is given by M g (b, R). The dynamics of the target object (in its body coordinate frame) is expressed as:
where φ d 0 and τ d 0 are the non-conservative force and moment on the target object.
are the gravity force and gravity gradient moment, respectively, acting on the target. The non-conservative force and moment include the effects of gravity, atmospheric, solar, and magnetospheric effects. Note that all forces and moments acting on these two bodies are resolved in their respective body coordinate frames. It is assumed that there are no control inputs to the target's motion and the target is not communicating with the pursuer.
Relative Dynamics
Prior to autonomous rendezvous, the two spacecraft are assumed to be in proximity such that the relative attitude of the target can be resolved in the pursuer's body frame. For ease in design of 6 the control and estimation schemes, the relative motion between the pursuer and target spacecraft are resolved in the body frame of the pursuer. To achieve the objectives of tracking the target object's motion, we assume that we have a guidance algorithm for the chaser that directs the chaser to close in on the target and maintain a constant relative pose (position and orientation) with respect to the target after a period of time from the start of the maneuver. This guidance algorithm provides a desired or referenced state trajectory for the chaser spacecraft based on remote measurements of the instantaneous states of motion of the target. For example, the guidance scheme given in [20] , creates a reference trajectory which the chaser tracks to reach the desired end state relative to the target. In this paper, the desired end state is considered to be the target's state after a given time period from the start of the maneuver. The reference states of the chaser satellite is represented using the following representations of SE(3) and se (3):
where the lower-left entry 0 on both matrices above denotes a row vector of three zeros. The above representation is similar to the so-called Denavit-Hartenberg representation of transformations between links in a chain of links in robots [21] .
A subscript (·) r is used to denote a reference trajectory value for the chaser. Therefore, the kinematics of the reference trajectory on SE(3) can be obtained as:
Let the target configuration at time t k = (k − 1)s, (s → time step) be represented by
Likewise, the pursuer's configuration at time t k is
Define h k ∈ SE(3) such that it describes the relative configuration between the chaser's reference configuration at time t k and the target's configuration at time t k+1 , as follows: To initialize this guidance scheme, we set the initial reference states of the chaser to be equal to the chaser's actual states at time t 0 ; This method of initialization of the guidance scheme ensures that there are no initial high transient control efforts generated by the feedback tracking scheme.
With the definitions of the tracking errors given in the nomenclature, we obtain a left-invariant "error kinematics" on SE(3) as given by:
These are trajectory tracking errors between the chaser's desired (reference) state trajectory and its actual states at a time instant in the interval [t 0 , t f ].
III. Autonomous Rendezvous and Proximity Operation ground Simulator [ARPOS]
To simulate the complex dynamical interactions between the different degrees of freedom of motion in a spacecraft with high fidelity, the proposed ground simulator, "Autonomous Rendezvous the realistic simulation of relative spacecraft motion during ARPO using ground experiments, and (b) the design and testing of spacecraft control and navigation algorithms for ARPO through such ground simulations. To meet the overall objectives, we ensure in our design that the complex dynamical interactions between the different degrees of freedom of motion in a spacecraft in orbit is closely emulated in our ground simulator design.
A. Planar Translation Stage
The planar motion stage serves as the mobile base and physically forms the lower part of ARPOS. The remaining systems and sub-systems are built on this base platform. The entire system sits on the horizontal stage and is allowed to float over a thin film of air on a smooth granite surface.
Three linear air bearing pads mounted rigidly to the base platform in a triangular configuration are is achieved using three fan thrusters fixed to the base platform in a triangular configuration as in the Figure 3 . This linear stage can be independently controlled for planar translational and rotational motion using a simple control scheme, which is described in the later sections.
B. Vertical Translation Stage
The vertical traversing stage of ARPOS is designed to provide vertical translation of the sus- of pneumatic mechanism is because of its finer resolution in the vertical translation motion and weight reduction. ARPOS vertical translation stage does not need any gravitational force balancing mechanism as in [19] , since uniform gravity moment is counteracted by the active control scheme.
The vertical motion of all the three linear actuators is synchronized so that the vertical motion of attitude stage is balanced.
C. Attitude Stage
The attitude stage of ARPOS is further sub-divided into:
Spherical Air-Bearing Stage
The spherical air-bearing would be mounted on vibration dampers as shown in the Figure a limited range of pitch motion. The spacecraft model stage has reaction wheels to produce the required attitude with its control unit mounted at one of its side plate. As the spacecraft model has all the 6 DOFs of attitude and translational motion, the ARPOS simulator can mimic the dynamics of a spacecraft in planetary orbit [22] . Mass and inertia properties of ARPOS's spacecraft model can be set to desired values by adjusting the weights on the side plate. So, the same simulator can be used for testing different configuration. The spacecraft model is balanced by adjusting the counter weights on either side of the side plates, which ensures stable equilibrium when the center of gravity lies below the center of rotation [23] .
IV. Experimental Testbed
Ground simulation of ARPO can be performed using ARPOS in a sophisticated experimental testbed as in the Figure 7 . The testbed is made of flat circular granite disk, leveled parallel to the ground and mounted rigidly. The circular testbed provides enough surface area to perform the ARPO experiments in laboratory environment. Two non-identical ARPOS simulator (differentiated only by colors), are allowed to float on the granite surface, considering one as the target and the other as chaser. Target ARPOS can be set to follow feasible motion on the granite surface to any desired attitude and translational parameters. Chaser ARPOS is allowed to navigate the target supported model is then given byṘ
The attitude dynamics equations of motion for the supported model are:
where Π g = J b (ω g +θΓ) is the angular momentum of the supported body in the body frame,
is the unit vector denoting the direction of gravity in inertial frame, g is the acceleration due to gravity, ρ is the body vector from the center of support to the center of mass, and τ u ∈ R 3 is the control moment applied to the supported spacecraft model. The vector Γ is the direction of gravity expressed in the body frame. Note that we do not assume that the spacecraft model is mass-balanced on the spherical air-bearing support such that the center of mass coincides with the center of support. This is a common assumption in spherical air-bearings used for spacecraft attitude motion simulation, but is known to be difficult to achieve in practice [24] .
The proposed ARPOS simulator design does not impose this constraint on the spacecraft model being supported. 
where θ is measured counter-clockwise from the inertial x-axis. Let ν g ∈ R 3 and v g ∈ R 3 denote the translational velocity of the supported body simulating the chaser, represented in the body frame of the simulator base and in the inertial frame respectively. Then we have
If
g denotes the relative position between the ARPOS supported bodies in the inertial frame, then the relative velocity is:ẋ
where v In contrast to the ARPOS attitude dynamics (12), the attitude dynamics of a rigid spacecraft is given by equation (4) if the spacecraft is controlled (chaser spacecraft) or equation (6) if the spacecraft is not controlled (target spacecraft). In general, the attitude dynamics of a rigid spacecraft can be written asΠ
where Π s = J s Ω s , J s is the spacecraft moment of inertia matrix, Ω s is the total angular velocity of the spacecraft in its body frame, M g (b, R) is the gravity gradient moment, τ d is the sum of other external moments, and τ c is the control torque applied to the spacecraft. Here we assume that we know these quantities; in particular, the control torque may be obtained from a known control law. simulator is to ensure that the total angular velocity of the supported spacecraft model approaches the angular velocity of the orbiting spacecraft being simulated, i.e., ω g +θΓ → Ω s .
Since the attitude θ of the planar motion stage can be independently controlled,θ and τ u can be controlled so that the attitude dynamics (12) is as close to the attitude dynamics (15) as desired. The following result gives a control scheme for the attitude dynamics of an ARPOS simulator tracking the attitude dynamics of a controlled chaser spacecraft.
ensure that the angular velocity ω g +θΓ of the supported body in ARPOS tracks Ω s asymptotically.
Proof: Define the total angular velocity of the supported body on the simulator as
We use the candidate Lyapunov function
Taking a time derivative of this function and substituting the attitude dynamics equations (12) and (15) , as well as the control law (16), we geṫ
Substituting the angular velocity control law (17) in the expression (20) , we geṫ
which is negative definite in the angular velocity error. This proves the result.
According to the control law (17) , the planar motion stage (base) can have a constant planar attitude (zero turn rateθ). Note that this design eliminates dynamical coupling from the attitude motion of the supported body to the translating base, but keeps the coupling from the translation to the attitude motion of the supported body.
B. Translational Control
For translational control of the ARPOS ground simulators, we consider a maneuver in which the chaser positions itself at a constant relative position from the target as a precursor to docking or capture maneuvers. Let this desired constant relative position vector be denoted p. A simple velocity control law to achieve this positioning is given by:
where γ > 0 is a constant scalar gain. This can then be converted to a force control law in the body frame of the chaser simulator's mobile base, as follows:
which requires knowledge of the accelerationv g0 of the target. Substituting forẊ from (22) , this control law can be expressed as
The accelerationv 
